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1 Maremarndyeckoe o00CHOBaHUE
PaCCMOTpI/IM CMeH_IaHHO—HeHO‘{I/ICJIeHHyIO 3&,11,34‘{}72
min{c'z : z € X}, (1)

X ={zeZf xR} ": Az =1}, (2)

U JIOILYCTHM, 9TO IMOJIy9eHO OasmcHoe ontumMasbHoe perrenne JIIT-pemakca-
I[N JIAHHOI 3a/1a9u, T. €. Jisi 9TOrO pellleHnsl YKa3aHo pa3breHne repeMeH-
HBIX Ha OasuCHble U HebasucHble T = (Tp,TN), & TaK¥kKe COOTBETCTBYIOIIEe
pasbuenne A = (B|N), riue B — HEBBIPOXKJIEHHAs] MaTpHIA, Ha3bIBaeMasi
6asmucoM. YKazaHHOe pasbHeHHe M03BOJISIET SIBHO BBIPA3NUTH OA3NCHBIE IIe-
peMeHHbIe depe3 HeGA3MCHDIE MOCPEICTBOM HaJIEXKAIEro SKBHBAJICHTHOIO
peobpasoBaHUs UCXOIHON CHCTEMbI OrPaHMYEHHI-DABEHCTB:

Ar=b & Baxg+Nzy=0b & zp=-B 'Nazy+ B .

Taxum obpasom:

zp = —Azy + 8, (3)

rjie MaTpHILA A= (a5) =B ~IN — 370 Tak Ha3BIBaEMas CHMILIEKC-Ta0JINIIA,
BexTop 3 = (3;) = B~'b — npeobpasoBanubIii BEKTOD TIPaBbIX dacTeil orpa-
nuuenunit. [lockobKy B 0a3uCHOM pellleHnn Bce HeDA3UCHBIE TEPEMEHHBIE Ha-
XOJSATCST HA CBOMX HYJIEBBIX TPAHUIAX, TO TAKOE PEIleHre UMeeT BUJI:

ot = (2p, 2y) = (5,0), (4)

T. €. 3HAYEHUsT DA3UCHDBIX MEPEMEHHBIX PABHBI COOTBETCTBYIOIIUM KOMIIOHEH-
tam BekTopa [ (mpu 3rom [ > 0, IOCKOJIbKY Ga3UCHOE pElleHune IPenoia-
raeTcsl ONTUMAJIBHBIM, & 3HAYUT, jonycTuMbiM st JIII-pesakcanumn).

*Kadeapa npukiagnoit madopmaruk, MocKoBCKui aBuannoHHbIi nHCTUTYT, MOCKBA,
Poccust. E-mail: <mao@mai2.rcnet.ru>, <mao@gnu.org>.



Ecmm x* gBisiercst mEI0YMCICHHO JIOIMYCTUMBIM PEIeHneM, T. €. OINTH-
MaJIbHbIe 3HAYEHHsI BCEX IEeJIOYUC/IEHHBIX [MEPEMEHHBIX SIBJISTIOTCS IIEIbIMU
YUCJIaMU, TO ¥ OJHOBPEMEHHO SIBJISIETCS ONTHMAJBHBIM PElleHueM 3a/1a9u
(1)—(2), mosroMy mporecc perieHnsi 3aKaHINBAeTCst. B MPOTUBHOM Cirydae
Haiijiercss XoTs Obl O/lHA MEJOYHMCIeHHAs IepeMeHHast, ONTUMAIbHOEe 3Hade-
Hue koropoit (st JIII-pesakcanun) siisiercst pobubiM. [TosiTHO, UTO Ta-
KOii TlepeMeHHOil MOXKeT OBITh TOJIHLKO Oa3ucHas epeMeHHasl, TTOCKOJIbKY OIl-
TUMAJIbHBIEC 3HAYCHNS BCEX HEOA3MCHBIX IIEPEMEHHBIX PABHBI HYJIIO, & 3HAYWT,
SIBJISIIOTCS TEeJIbIME ducyiaMu. MTak, mycTh Takoil mepeMeHHOl siBIseTcs Ie-
JIOYHCIIeHHast iepeMentast (xg);, upuieM (z75); = B; ¢ Z, . e. TpeboBanue
nesiogrcaeHHocTn HapyieHo. CTpoka cuMInIeke-Tabuipl (3), COOTBETCTBY-
olasi BLIOPAHHON 0a3uCHOM IepeMeHHON, nMeeT BU/I:

(zB)i = Bi — Y aij(an);. (5)
jEN
[TockoubKy cuMILIeKc-Tabuna (3) SKBUBAJIEHTHA MCXOHON CHCTEME ODaH-
YeHuit-paBeHcTB Az = b, TO paBeHCTBO (3), & 3HAYUT, U PABEHCTBO (5) JOIK-
HBI BBITIOJIHATELCS s JIIOOOTO MEJIOUUC/IEHHO JOIyCTUMOro pemrenus x € X.
Orcioza citesyer, 9To ycIoBue:

Bi— Y aijlan); € Z (6)
JEN
siByisiercst ipaBusibHbIM (valid) yesoBuem miast X. Bamernm, 9arto (; MOXKHO
peJICTaBuTh B Buje cymmbl B; = | 5;| + f(5;), tme |-] — mesnast yacrb guc-
na, f(-) — apobuast gactsb umcsa. [lostomy ycsosue (6) MOXKHO 3aMEHHTH
CJIEJIYFOIIUM SKBUBAJIEHTHBIM YCJIOBHEM:

FBi) = auj(an); € Z, (7)
JEN
KOTOpoe TaK2>Ke ABJISIETCSI HpaBI/IﬂbeH\/I ,ZLJ_[H X
Touka, B KoTOpO#t cymMMa ) @ij (TN );j PaBHA HYIIO, HE MOKET IPHHA/T-
JIeyKaTh MHOXKeCTBY X, IIOCKOJIbKY 3HaUeHUe [3; MPeJIroaraercss JpoOHBIM.
STO IIO3BOJILAET Hpe,ZLCTaBI/ITb X B BUJIE O6"be,IH/IHeHI/IH ,Z[ByX HeHepeceKa}omI/IX—
Cdd MHOZKECTB:

X=Xx"ux-, (8)
rie
XJr:{.%'EX: Zaij(x]v)j>0}, (9)
JEN
X~ Z{.%'EX: Zaij(x]v)j <0}. (10)
JEN

[Tockoubky f(3;) < 1, TO HEpaBeHCTBO:

FB) =Y aij(an); <1 (11)

JjeEN



aBJsiercs pasubHbIM it X T, Ho Torma us (11) ¢ yaerowm (7) caiemyer, aro
HEPaBEHCTBO:

FB) =Y aylan); <0 & Y ai(zn); > f(B) (12)

JEN JEN

TaKyKe sABJISeTCs IPaBIILHLIM i X 7. AHaIormano, Tak Kak [3; ecThb Jpob-
Has BesmamHa, 1o f(5;) > 0. Ilosromy HepaBeHCTBO:

— Z Oéij(xN)j >0 (13)

jEN

SIBJISIETCSL TIPABUJIBHBIM st X ~, OTKyJia ¢ yderoM (7) crelyer, 94To Torjia
HEPaBEHCTBO:

F0) = S alan)y =1 & THG0S S (Ca)an); 2 £ (14)
JEN v/ jeN

TaK>Ke SBJISIeTCsT MPABUWILHBIM Ji1st X .

Jlajiee HaM moTpeOyeTCs CIIe Ty IONast

T e o p e M a. Ilycrs mepasenctBo a’ & > b sBisieTcs: IPABIIIBHBIM IS
MHOXKECTBA P, a HEpPaBEHCTBO ¢! & > d — MPaBHJIBHBIM ISl MHOXKeCTBa (.

TOI‘,IL& HEPaABEHCTBO!:

Zmax(aj,cj)xj > min(b, d) (15)

SIBJISIETCST TIPABUIIBHBIM 711 MHOKecTB P U @ u conv(P U Q).

Hepasencrso (12) siBiisieTcst IpaBUIIbHBIM JIJisl MHOXKECTBA X T, a Hepa-
BeHCTBO (14) — npaBusbHbIM jist MHOXKecTBa X ~. [losromy B coorBeTcTBIM
C IIPUBEJICHHON TeopeMOil HepaBeHCTBO:

B e
jeszaX[a”,l_f(ﬁi)( @) > f(6i) (16)

SIBJISIETCST IPABUJILHBIM JIJTsI HCXOJJHOTO CMEIIAHHO-TIeTOUHCeHHOTO MHOZKe-
crea X = XTUX ™. Tak kak 0 < f(8;) < 1, o f(B)/[1 — f(B)] >0

ITosTomy:
B, ) Y ecint ag; > 0
max|c;, 1— f(ﬂi)( ;)] = %(_azj)’ et az; < 0 (17)

YTO MO3BOJIAET 3alKcaTh HepaBeHCTBO (16) B cieayromem Brje:

> faglan)y + 2L S Jagan), 2 f8). (9)

j€N+ f(/BZ eN,



I‘,ZLeN+={j€N:OéijZO},Nfz{jEN:OéZ‘j<0}.

B onrumanbnoit Touke ¥ (cm. (4)) mepasencrso (18) mapyrmaercs, Tak
Kak B 9T0it Touke x = 0, a f(F;) > 0, mocko/bKy 3HadeHne GA3UCHOMN Hepe-
menHoit (z7); = [; npeanosaraercs gpodusM. C JApyroif CTOPOHBI, HepaBeH-
crBo (18) siByisieTcst HPABUIILHBIM JIJIsi MHOXKECTBA JIOIyCTUMBIX periennii X
sagaun (1)—(2). CuenoBaresnbHo, Ipeobpasdysl yKa3aHHOE HEPABEHCTBO K BHU-
Jly pPaBEHCTBa, (BBEJICHHEM TI€PEMEHHOI n30bITKA) U JI06ABJIsIsA €r0 K MCXOIHOI
cucTEME OINpAHWYEHUN-PaBeHCTB Ax = b, MBI MOXKEM OTCeYb JPOOHOE perre-
HUe ¥ OT CMEeINIaHHO-TIEJIOYUCIeHHOIN0 MHOXKeCcTBa X .

Hepasencrso (18) MOXKHO yeminTh Cyieyromum o6pa3oM. 3aMeTuM, 4To
9TO HEPABEHCTBO SIBJISIETCS CJIeICTBHEM yCaoBust (7), KOTOpOe He HapyIIUTCH,
ecsn Jir000i KO3 DUIIEHT (yj TPH Yeaouuciernnoll iepeMenHoil (Ty); 3a-
MEHUTDH KO3 UIuEeHToM oy — 6, rie § — HPOU3BOJIbHOE yenoe uucio. Eciu
ajj —6 >0, 0o j € Nt, 1 nosromy coorsercrBytommii ko3 huuent npu
(zn); B HepaencTse (18) Oyaer pasen |ay; — 0]. Ecim xe oy — 9 < 0, 10
Jj € N7, u nosromy cooTBeTcTBYONHil Koabdurment npu (ry); B HepaBeH-
crie (18) oyzer pasen f(3;)/[1— f(Bi)]-|ci; —6|. Ilockomnbky Bece koadduru-
eHTHI B HepaBeHCTBe (18) SABJSIOTCS MOJIOKUTEIBHBIMU, TO JIJIsT [TOJIY YCHUST
BO3MOXKHO 00Jiee CHUJIBHOIO OTCEYEHUs] HEODXOAUMO CHeaTh 3TH Ko3hdu-
IIMEHTHl KaK MOXKHO Menblne. OTcioza ciefyer, 4ro ecin a;; — 0 > 0, To
HanMeHbIIlee 3HadeHne |o;; — 0| TmosTydaercss mpu Beibope 6 = |q;j| U paBHO
flej), aecmm aj—6 < 0, To HAMMEHBIIIee 3HAYEHHE |t;j — 0| HOJLy9aeTCs IIPH
BBIOOpE 0 = [0y;| = |ay;] + 1 u paBro 1 — f(ay;) (B mocaentem ciaydae oj
npe/osiaraercst IpobHbiM). Takum ob6pas3om, B KadecTBe Haubosee nodrods-
we20 ko3 UIIEHTA IPU MEeJOINCIEHHOl epeMeHHOi (2 ); B HEPABEHCTBE
(18) cieayer B3ATH BEJMIHHY:

min{ f(0us), e L~ Flaw)] (19)
Yrobbl npugarh opmyste (19) Gosee y00HbIH BUJ, PACCMOTPUM CJIyYaii:
flasy) < THG0S 1L = flas)

[Mockoubky f(3;) < 1, 10 1 — f(3;) > 0. CieroBaresbHo:

Jlaip)[L = f(B)] < F(B)[L — flayy)] <
flaig) — flag) f(Bi) < f(Bi) — f(Bi) faiz) &
flaiz) < f(Bi)-

Taxum obpasoM, HanbosIee TOAXOMASIIIN KOd(PMUIIMEHT IPH IETOIUCTCHHON
IepeMEHHO (X ); PaBeH:

f(o‘zj)’) ecn f(aij) < f(B;) 20)
uC i ecin f (o ;
Tm[l = flo)]; flaig) > f(8)



(3ameTnM, B JACTHOCTH, UTO €CJIH HUCXOIHBII KOS UIEHT «v;j SBIISAETCS Tie-
JIOYHCJIEHHBIM, TO HAMOOJIee MOAXOISAIIIN Koa(duimeHT 6y/1eT paBeH HyJIio. )

B pesysbrare ycuienusi HepasencTsa (18) 3a cuer Bbibopa Hanbosee Mo
XOJSTIIX KOIDDUIMEHTOR TIPU TIETOUNCIEHHBIX TEPEMEHHBIX B COOTBETCTBIH
¢ dopmyioii (20) MbI IPUXOJUM K OKOHYATEJHLHOMY HEPABEHCTBY, KOTOPOEe
HA3BIBACTCS CMEULAGHHO-UEAOYUCAEHHIM omcesenuem [omopu:

S flaen)y + 70 3 L= fagan); +
JENS " jeNg
f(B:) (21)

il (n); + =22 ST Jagsl(an); > F(B),

JGZNE J N)j 1— f(ﬂz) ]ezNﬂ J N)j

e

Nj ={jeN:(zn); €Z, flay) < f(B)},
Ng ={jeN:(xn); €Z, flaij) > f(Bi)}, (22)

(zn);j
(zn);j

Ng ={j € N:(zn); €R, a;; >0},
(zn)j

Nl;_{:{jEN::CN ER,O&Z‘J'<O}.

(Criestyer orMeTuTh, 9TO XOTs HEpaBeHCTBO (21) siBiisiercst GoJiee CHUIILHBIM,
yeM HepaseHCTBO (18), BeJmvMHA HADYIIEHUS STHX HEPABEHCTB B TOYKE X
onHa u Ta ke u pasaa f([5;).)

P. Tomopu mokazai!, 4To ajIropuTM peleHns CMENTAHHO-IeI0INCIeHHOI
sazaun (1)—(2), ocHOBaHHBIl Ha 11OCJIEI0BATEILHOM JI00ABJIEHUN OTCEYeHH
Busia (21) K MCXOMHON cucTeMe orpanuuenuii-pasencTs Axr = b, oupejessi-
IOIIUX MHOXKeCTBO X, TI03BOJISET HAiTH ONTHMAJILHOE pellleHHe yKa3aHHOI
3a/la91 33 KOHEYHOE HHC/IO MAaros (IIPH yCJIOBHH, 4To clx € Z s Beex
z e X).

2 JlomosiHUTEJIbHBbIE TpeoOpa3oBaHUS

st BeramcieHusi cTpoku cuMiiekc-Tabsmnbl B nakere GLPK mpemycmor-
peHa noanporpaMma glp_eval_tab_row, KoTopast BO3BpalllaeT pe3yJbTaT B
creyromeM gopmare:?

()i = 3 &an);. (23)
JEN

Hannbiit popmar ommyaercss ot crangapraoro dpopmara (5) Tem, 9To 3/16Ch
Heba3ucHbIe IIepeMeHHble MOTYT UMeTh HeHyJleBble HUYKHUE IPAHUIbI, KOHed-
Hble BEpXHUE I'DAHMIIBI, WM UMeTh bukcnposanHoe 3uavenune. (Hebasucubre

'R. E. Gomory, An algorithm for the mixed integer problem, Technical Report RM-
2597, RAND Corp., 1960.
ITonpobree cM. cpaBodYHOE PYKOBOACTBO 1o makery GLPK.



IIepeMEHHbIE TaK>Ke MOIr'yT 6bITb CBO6OILHBIMI/I7 T. €. HEOI'paHUYICHHBIMU II0
3naky. OJHaKo, ecyim XOTs Obl OJlHA TaKas IEepPEeMEHHas BXOJUT B CTPOKY
CUMILIEKC-TAOJIUTIBI ¢ HEHYJIEBBIM KO3(MDDUIIUEHTOM, COOTBETCTBYIONIAS CTPO-
Ka He WMCIOJIb3YeTC sl JJIsi TeHePAIlN OTCEUCHUSI. )

[Tepexox or dopmara (23) K crangapraomy dopmary (5) BbIIOIHSAETCS
cirestytomumM obpazom. MHOXKeECTBO Beex HeOAa3UCHBIX repeMeHHbIX N pa3bu-
BAETCS Ha TPHU HEIEPECEKAIOIINXCs [TOJIMHOXKECTBA:

N = Np UNy U Ng, (24)

rae N — MHOXKECTBO HEOA3MCHBIX MEPEMEHHDIX, Y KOTOPhIX aKTHUBHA HUMK-
Hss rpanuna, Ny — MHOMKECTBO HEOA3MCHBIX IIEPEMEHHBIX, Y KOTOPBIX aK-
THUBHA BepXHsAs rpanuna, Ng — MHOKECTBO HEOA3MCHBIX EPEMEHHBIX, NMEO-
mux dbuKcupoBaHHOe 3HaueHne. B 3aBucuMocTu ot craryca (24) oTiesbHOR
HCXOHOM HEGA3MCHOMN IepeMeHHOM (X ); HCIOIb3YeTCsl CIIe/IyIOIast ITO/ICTa-
HOBKa

(lN)j—i—yj, ecin j € Np,
(zn)j = (un)j —yj, ecmm j € Ny (25)
(5N)js ecian j € Ng

riae y; > 0 — npeobpasoBannas Heba3UCHas IepeMeHHasl, 3aMeHAIOmAsd 1C-
XOJIHYI0 HEOA3UCHYIO IIepeMeHHyI0, (1), — HIZKHSISI TPAHNIIA NCXOIHOI Heba-
3UCHOHN NEepeMeHHOMH, (uN)j — BepXHsisl TPAHNIA UCXOIHON HeOA3UCHON IIe-
pemenHoii, (sy); — dukcupoBanHOe 3HAYEHHE HCXOJHON HeOA3HMCHOM Iie-
PEMEHHOM. DTa MOJCTAHOBKA MO3BOJSIET MPEOOPA30BATDL CTPOKY CHMILICKC-
rabunel (23) k crapgapraomy dopmary (5):

(p)i = Y &jlan)i+ Y &Gilan);+ Y &Gjlan); =

JENL JENU JENs
= > &ln)j +ul+ D &Gllun); =yl + Y &iisw)j =
JENL JENU JENs
= Bi— Y @iy,
JEN

rjue

—&j, ecmm j € N,

Qij = +&j, ecm j € Ny (26)
0, eciu j € Ng
Bi= Y &Giln)i+ D &Gilun);+ D &ijlsn);- (27)
JENL, JjENU jENg

(3amernm, uro craHgapTHBIT dhopmar (5) TakzKe IpeoiaraeT HeoTpPHIla-
TeJIbHOCTH 6a3ucHoil epementoit (xp);. OHAKO, TIOCKOJIBKY B (hopMmyJie oT-
cevennst (21) UCIIOIB3YeTCsT TOJIBKO JAPOOHAs YaCTh TEKYIIEro 3HAYEHHUs ITOMN
nepemennoit f(f;), npeobpasoBanue (xp); He TpedbyeTcs.)



Ucnonbzosanne dhopmyist (21) st kosbduimentos (26) u (27) maer
oTceveHne, BLIPAKEHHOE B TEPMUHAX IPE0OPA30BAHHBIX HEOAZUCHDLIX Iepe-
MEHHBIX:

TS (28)
JENLUNy
e P; — Ko durmentsr orcevenns, p = f (6;) — npaBasi 9acTb OTCEUECHHUSI.
[TosroMmy Jsiajiee BBIOJIHSIETCSI OJICTAHOBKa, obpaTHasi K (25):

zn); + (In)i, ecimj € N
4 = (zn)j + (In); ] L (29)
(un)j — (zN)j, ecmm j € Ny

4TOOBI BBIDA3UTH IIOJIYIE€HHOE OTCEYCHUE B TEPMUHAX UCXOIHBIX HeOA3MCHDBIX

HepeMeHHbIX:
Y w2 =
JENLUNy
> illan); — ()l + D Bjlun); — (zn);] = .
JENL JENU

Takum obpaszom, oTcedeHne TPUHUMAET BUI:

> pilan); > p, (30)
JENLUNy

rjae

+©,;, ecmm j € Np
©j = ’ . (31)
—p;, ecmm j € Ny

p=7+ > Biln);— Y B;(un);. (32)
JENL JeNu

Cpe/mn HeGa3uUCHBIX nepeMeHHBbIX B HepapeHcTBe (30) MOryT ObITH Kak
CTPYKTYPHBIE, TaK U BCIIOMOTATE/ILHBIC TIEPEMEHHBIE, B TO BPEMs KaK ITaKeT
GLPK jonyckaer crpoku (OrpaHUYeHUsi), COJepKallie TOJbKO CTPYKTYD-
Hble nepementbie. UTobbr npusectu HepasencTBo (30) k dbopmary GLPK,
JUIST KazK10ii HeDa3MCHOl BCIIOMOraTe IbHOl IepeMenHoit (2 ); = (TR)q, BXO-

JIATIENl B 9TO HEPABEHCTBO, BBIIIOJIHSIETCS OJ[CTAHOBKA!

(zR)i = Z aij(rs);, (33)

7€ a;j — Ko9MDMUIMEHTDI i-if CTPOKH (OrpaHHYeHNs ) HCXOIHOI 33/1a4H, (T 5)
— COOTBETCTBYIOIIUE CTPYKTYPHBLIE IepeMeHHbIe. B mporecce BBITOJIHEHUS
YKa3aHHOH MOJACTaHOBKU (DUKCHPOBAHHDBIE CTPYKTYPHBIE IIEPEMEHHbBIC, KOTO-
pble MOIYT NPHCYTCTBOBaTh B (33), HE BKIIIOYAIOTCA B JIEBYIO YacTh Hepa-
BercTBa (30), a yIUTHIBAIOTCS COOTBETCTBYIONIMM U3MEHEHUEM IPaBOii YacTu
9TOr0 HEPABEHCTBA.



ITocJie 110/ICTAHOBKY BCIIOMOTaTeJIbHBIX lIepeMeHHbIX oTcedenue (30) mpu-
HUMAaET OKOHYATEJIbHBIH BU/I, B KOTOPOM OHO MOXKET OBITB J100aBIeHO K (hop-
MYJIAPOBKE MCXO/ITHON 3a/1a4M.




